Quantum dynamics is infinitesimal qr-number dynamics by Corbett, John V
ar
X
iv
:1
90
1.
08
89
2v
1 
 [p
hy
sic
s.g
en
-p
h]
  1
9 J
an
 20
19
QUANTUM DYNAMICS IS INFINITESIMAL
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J.V. CORBETT
Abstract. The Heisenberg equations of motion for a quantum
particle of mass m are deduced from the infinitesimal qr-number
equations of motion for the particle. The infinitesimal qr-number
equations, and hence the standard quantum mechanical equations,
are related to the qr-number equations in much the same way as
the equations of geometric optics are related to those of wave op-
tics. The qr-number equations of motion for a quantum particle
of mass m describe the motion of a lump, given by on open set
in the qr-number space of the particle, while the infinitesimal qr-
number equations describe the motion of a point-like particle. The
qr-number equations of motion are the Hamiltonian equations of
motion for a classical particle of mass m expressed in qr-numbers.
The proof requires that the particle’s position operators have only
continuous spectrum and the force functions are smooth.
1. Introduction
The standard quantum mechanical equations of motion for a massive
particle are equivalent to the infinitesimal quantum real number (aka
qr-number) equations of motion. The linearity of Quantum Mechanics,
as illustrated by the superposition principle, was one of the more sur-
prising mathematical aspects of the theory. It was surprising because
the equations of classical mechanics were typically non-linear. The
linearisation of non-linear differential equations can be achieved using
infinitesimals if the real number system contains infinitesimal numbers
whose square and higher order products are zero. The standard real
numbers have the Archimedean property which means that they have
no infinitesimal numbers, so non-standard real numbers are required.
Quantum real numbers, introduced in [5], are not standard real num-
bers [2], they give numerical values to the attributes of a quantum
particle dependent on its condition, see §3.The qr-number equations of
motion are classical Hamiltonian equations expressed in the particle’s
qr-numbers [9]. The qr-numbers have infinitesimals whose equations
of motion are shown in §3.3 to be Heisenberg’s equations when the
operators carry all the time dependence.
The qr-numbers model of quantum phenomena builds on the stan-
dard quantum mechanics, [13], using a sheaf theory extension of the
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standard Hilbert space formalism providing a theory in which stan-
dard empirical results are obtained and ”mysteries” of the standard
interpretations are resolved. For example, the puzzle of the two slit
experiment is explained in [12] because the qr-number spatial contin-
uum of a particle is topologically non-classical to the extent that a
single qr-number spatial location can correspond to two separate clas-
sical locations. Furthermore, in [11], the non-point-like character of
qr-number spatial locations preserves both Einstein and Bell locality.
In [10], the collapse hypothesis is not needed to describe the measure-
ment process, it gives an approximation to the qr-number value of a
measured attribute.
The locally linear qr-numbers, §4.4, are qr-numbers that the physical
attributes of a quantum system take as their numerical values. Each
is labelled by an operator Aˆ ∈ A, the representation of a physical at-
tribute in the enveloping algebra of the symmetry group of the system,
and like functions, each is defined on a domain that represents the con-
ditions under which the system exists. The conditions are complete
states given by open subsets of the system’s smooth state space ES(A),
a proper subset of the standard state space, see §4.2. The qr-numbers
are sections of the sheaf of Dedekind reals RD(ES(A)) in Shv(ES(A)),
the topos of sheaves on ES(A), see §4.3.
An infinitesimal qr-number is the difference between neighbouring
qr-numbers1. For example, If z|W ′
0
and z|W0 where W0 6= ∅ and W
′
0 =
W0 \ {ρ0} is W0 with a state ρ0 removed then the difference z|W0 −
z|W ′
0
) = z|ρ0 = Trρ0Zˆ is an infinitesimal qr-number. There is no open
subset of ES(A) on which it is non-zero.
The infinitesimal qr-number equations of motion for a quantum par-
ticle of massm are linear equations from which the Heisenberg operator
equations for the position and momentum operators of the particle can
be deduced when the position operators have only continuous spectra.
In brief, the standard quantum mechanical equations of motion are
linear infinitesimal approximations to the qr-number equations.
2. Outline of the paper.
The basics of the qr-number model for a massive particle, its equa-
tions of motion and its infinitesimal qr-numbers are given in §3. Re-
stricting attention to the equations of motion for a non-relativistic mas-
sive particle, §3.2, we show how Heisenberg’s operator equations can
be obtained from the infinitesimal qr-number equations in §3.3. A
proof which depends upon the position operators having only continu-
ous spectra is given in §5.4 and §5.5.
1The qr-numbers a and b are neighbours if there is no open subset of ES(A)
on which the difference between them is non-zero, or, equivalently, on which the
distance between them is non-zero, see §4.5.
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The expectation values of standard quantum mechanics are shown
to be interpretable as infinitesimal qr-numbers in §3.3. The relation-
ship between the equations of motion for infinitesimal qr-numbers and
the classical equations of motion is different from that given in Ehren-
fest’s theorem [3] which interprets the expectation values of the par-
ticle’s position and momentum as standard real numbers. The proof
that the equation of motion for the infinitesimal qr-number values of
the particle’s position and momentum are equivalent to the standard
quantum mechanical equations of motion depends upon the position
operators, {Qˆj}
3
j=1, having only continuous spectrum σc(Qˆj = R. For
each αj ∈ σc(Qˆj) at least one sequence of approximate eigenstates, de-
fined in §5.2, converges weakly to the delta function at αj , see §5.3.1.
The qr-numbers, being Dedekind real numbers in a topos of sheaves
on a topological space ES(A), can be thought of as continuous functions
defined on open subsets of ES(A). The properties of the qr-numbers are
given in §4.3, they contain a dense subset of rational numbers given by
globally constant functions on ES(A), and are capable of supporting in-
tegral and differential calculus. Their underlying logic is intuitionistic,
e.g. the principle of excluded middle, that ¬¬p 6= p holds, is rejected.
The qr-number model of a non-relativistic particle of mass m > 0,
moving in an external force field, is given in §3.1. The infinitesimal qr-
number equations of motion for its position and momentum are shown
to agree with the Heisenberg equations for the position and momentum
operators when the force fields which are represented by S-continuous
operators, defined in §5.1. This approach can be extended the two-
body central force problems.
When the S-continuous operators Fˆl = fl(Qˆ1, Qˆ2, Qˆ3) ∈ A are de-
fined using continuous functions {fl}
3
l=1 then, at each state ρ ∈ ES(A),
(1) TrρFˆl = fl(TrρQˆ1, T rρQˆ2, T rρQˆ3) for l = 1, 2, 3.
That is, the linear infinitesimal qr-number for fj(~q|W ) at each state
ρ ∈ W is TrρFˆj for each j = 1, 2, 3. The proof in §5.5 uses approximate
eigenstates for αj ∈ σc(Qˆj), the continuous spectrum of the {Qˆj}3j=1.
The equations of motion for the infinitesimal qr-number values of the
particle’s position and momentum ~q|ρ and ~p|ρ at any state ρ ∈ ES(A)
are then given by
(2)
d
dt
TrρQˆj =
1
m
TrρPˆj and
d
dt
TrρPˆj = TrρFˆj.
Heisenberg’s operator equations are deduced from these equations on
the assumption that all the time dependence is borne by the operators.
Conversely starting from Heisenberg’s operator equations the qr-
number equations of motion for a massive quantum particle are ob-
tained by reversing the argument.
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3. The qr-number model
The qr-number model assumes that each quantum system always has
a complete state and its physical attributes retain numerical values, as
qr-numbers, even when they are not being observed. The qr-numbers
are contextual, not pure numbers, the values depends upon the physical
situation of the system.
The physical attributes of a system are represented by the elements
of an O∗-algebra AS on a dense subset D of the system’s Hilbert space
HS. An operator Aˆ ∈ AS if Aˆ : D → D is a continuous mapping in the
locally convex topology defined by the family of seminorms {‖ ·‖Aˆ; Aˆ ∈
AS} where ‖φ‖Aˆ = ‖Aˆφ‖, φ ∈ D, see [7] for more details. The complete
states are given by open subsets of the system’s smooth state space
and are called conditions. The smooth state space ES(AS) is contained
in the convex hull of projections P onto one-dimensional subspaces
spanned by unit vectors φ ∈ D.
An ambiguity in the interpretation of the standard quantum mechan-
ics comes when, in describing an experiment, a quantum state, given by
a wave function, may represent both a single system and an ensemble
of systems. The qr-number interpretation avoids this inconsistency by
having two classes of quantum conditions: (1) the epistemic conditions
of an ensemble of systems represent experimentally determined histo-
ries that depend on the experimenter’s knowledge and (2) the ontic
conditions which represents an individual system’s history. Any open
subset of ES(AS) can be in either class but ontic conditions are always
proper open subsets of an epistemic condition. The epistemic condition
will always be determined by the experimental set up. The existence
of ontic conditions explains the variety of outcomes.
If an ensemble of systems has been prepared in an epistemic con-
dition then any member of the ensemble will have an ontic condition
that satisfies requirements at least as strong as those imposed by the
experiment. Mathematically, any proper open subset of an epistemic
condition can be the ontic condition of a particular system in the en-
semble. Ontic conditions are used to describe the evolution of indi-
vidual systems, epistemic are used to describe experiments involving
ensembles of ”identically” prepared systems.
As in Hilbert space theories, an attribute of the system S is repre-
sented by an essentially self-adjoint operator Aˆ ∈ AS, the restriction
of a self adjoint operator to a dense domain D of the Hilbert space
HS. If S has the condition V ∈ O(ES(AS)) then Aˆ has an qr-number
value a|V ∈ RD(ES(AS)) given by the continuous function a : V → R
where ∀ρ ∈ V, a(ρ) = TrρAˆ ∈ Θ(Aˆ), the numerical range of Aˆ.2 In
2a|V is a representative of a section of RD(V ), the sheaf of germs of continuous
real valued functions on V , where two continuous functions have the same germ at
ρ ∈ V if they agree on an open neighbourhood of ρ, detailed in [2].
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this paper, Greek letters are used for standard real numbers except for
physical quantities like mass m and a quantum state ρ. The qr-number
globally constant on V at the standard real number α is written α|V .
When the O∗-algebra AS is the infinitesimal representation dUˆ of
the enveloping algebra E(G) obtained from a unitary representation Uˆ
of a Lie group G on the Hilbert space HS. If dUˆ is the infinitesimal
representation of its Lie algebra G on the set D∞(Uˆ) of C∞-vectors
of the unitary representation, then dUˆ extends to a ∗- representa-
tion of the enveloping algebra E(G) on D∞(Uˆ) which is dense in HS.
In this situation, the O∗-algebra AS is dUˆ(E(G)) and the open sets
{ν(ρ1; δ)}; ρ1 ∈ ES(dUˆ(E(G))), δ > 0 form an open basis for the weak
topology on the smooth state space ES(dUˆ(E(G))), corollary 8 in [2]. A
fuller discussion of the mathematics of the qr-number model is in [2],
for our purposes it suffices to think of a qr-number in RD(ES(AS)) as a
real-valued continuous function whose domain is an open subset of AS’s
smooth state space ES(AS) which is compact in the weak topology. .
In this paper, the Hilbert space HS of massive quantum particle
carries the Schro´dinger representation of the Weyl-Heisenberg group.
HS = L2(R3) = ⊗3j=1Hj with each Hj = L
2(R). It is well known
that, in this representation, all the operators Qˆj and Pˆj are unbounded
and have only continuous spectrum, see [?]. The algebra AS is the
representation dUˆ~(E(G)) of the enveloping algebra of the Lie algebra
h3 with basis {Pˆj, Qˆj, Iˆ}3j=1. The common domain D
∞(U~) = S(R3) is
the Schwartz space of C∞-functions of rapid decrease.
Using the trace norm topology, whose open sets are basic in the weak
topology on ES(AS)), both
(3) |Trρn~αQˆj − TrρQˆj | < κm1(Qˆj)Tr|ρ
n
α − ρ| for j = 1, 2, 3
and
(4) |Trρn~αFˆl − TrρFˆl| < κm2(Fˆl)Tr|ρ
n
α − ρ| for l = 1, 2, 3
for m1, m2 ∈ N+, see equation (17) in §5.1.
3.1. How is a quantum particle represented? A quantum parti-
cle has a Hilbert space H carrying an irreducible representation of its
symmetry group G with the Weyl-Heisenberg group as a subgroup, see
§5.3. Its attributes are represented by self-adjoint operators Aˆ ∈ A,
an O∗-algebra of unbounded operators on D∞ the space of C∞ vectors
for the representation of G. Its smooth state space ES(A) ⊆ E(H) has
pure states Pˆψ = |ψ〉〈ψ| for ψ ∈ D∞ and mixed states are convex sums.
The condition of a particle, represented by an open subset of ES(A),
gives its attributes qr-number values with the following characteristics,
generalising those of a classical particle:
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(1) the attributes are permanent but their qr-number values can
vary. In experiments their qr-number values are approximated
by standard rational numbers, their measured values.
(2) to a non-empty extent the particle has individuality as revealed
by the qr-number values of its qualities,
(3) to its non-empty extent, it can be re-identified through time
using its qr-number spatial trajectory.
3.2. qr-number equations of motion for massive particles. The
motion of microscopic particles is governed by equations which have the
same form as those for macroscopic particles with qr-numbers replacing
of standard real numbers, first postulated in [12].
The laws of motion for a particle of mass m > 0 are Hamiltonian
equations of motion expressed in qr-numbers;
(5) m
dqj|U
dt
= pj |U and
dpj|U
dt
= f j(~q|U)
where Qˆj and Pˆ j are the jth components of its position and momentum
and U is its condition. When h(~q|U(t), ~p|U(t)) =
∑3
j=1
1
2m
(pj|U(t))2 +
V (~q|U(t)) the force has components f j(~q|U) = −
∂V (~q|U (t))
∂qjU(t)
. If the system
has spin, the equations are modified.
The time derivative of an arbitrary function a(~q|U , ~p|U), when Aˆ ∈ A,
is taken along the trajectory of the particle, is
(6)
da
dt
= [a, h] ≡
∑
(
∂a
∂qi
∂h
∂pi
−
∂a
∂pi
∂h
∂qi
)
The bracket [a, h] is the Poisson bracket of the functions a(~q|U), ~p|U)
and h(~q|U , ~p|U), it has the properties of a Lie bracket: skew-symmetry,
[a, b] = −[b, a] , bi-linearity, [αa + γc, b] = α[a, b] + γ[c, b] and satisfies
the Jacobi identity [a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0.
The qr-number equation da
dt
= [a, h] is the basic dynamical equation
for the evolution of the values of an attribute of a quantum system.
Furthermore it shows that the conserved quantities a(~q|U , ~p|U) have,
with the Hamiltonian, a vanishing Poisson bracket.
3.3. Equations for infinitesimal qr-numbers. The infinitesimal equa-
tions of motion are deduced from the qr-number equations using the
difference between neighbouring qr-number values.
Let V be any open subset of ES(A) and put V˜ = V \ {ρ} for some
state ρ ∈ V . Then
(7)
d
dt
qj |V −
d
dt
qj |V˜ =
d
dt
TrρQˆj and
d
dt
pj |V −
d
dt
pj|V˜ =
d
dt
TrρPˆj
If the component fj is a continuous function,
(8)
d
dt
TrρQˆj =
1
m
TrρPˆj and
d
dt
TrρPˆj = fj(~q|{ρ})
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because fj(~q|V )−fj(~q|V˜ ) = fj(~q|{ρ}) as {ρ}∩ V˜ = ∅ so that the product
qj |V˜ qj |{ρ} = 0. For open sets V and V˜ = V \{ρ}, the difference between
the qr-numbers fj |V and fj |V˜ is fj(TrρQˆ1, T rρQˆ2, T rρQˆ3), and that
between the linear qr-numbers Fj|V and Fj|V˜ is Fj|ρ = TrρFˆj.
Using approximate eigenvectors for the continuous spectra of the
triplet of commuting position operators (Qˆ1, Qˆ2, Qˆ3) we show, for all
states ρ ∈ ES(A), that
(9) TrρFˆl = fl(TrρQˆ1, T rρQˆ2, T rρQˆ3)
when ~f : R3 → R3 is S-continuous and the lth component of the force
operator Fˆl = fl(Qˆ1, Qˆ2, Qˆ3) belongs to the algebra A. Thus the equa-
tions for infinitesimal qr-number values of the canonical variables for a
particle of mass m are, for j = 1, 2, 3,
(10)
d
dt
TrρQˆj|t =
1
m
TrρPˆj|t and
d
dt
TrρPˆj|t = TrρFˆj |t.
Recalling that the standard unitary quantum dynamics is given
• by Schro¨dinger’s equation for wave-functions, vectors ψ ∈ H,
or
• by Heisenberg’s equations for operators Aˆ representing physical
quantities.
The unitary operator is Uˆt = exp−
ıt
~
Hˆ for the self-adjoint Hamilton-
ian operator, Hˆ , the unitary time evolution is Aˆt = Uˆ
−1
t AˆUˆt for any
operator Aˆ. Heisenberg’s equations for a Galilean relativistic particle
of mass m, when the Hamiltonian Hˆ = 1
2m
∑3
j=1 Pˆ
2
j + V (Qˆ1, Qˆ2, Qˆ3)
are, for j = 1, 2, 3,
(11)
dQˆj |t
dt
=
1
m
Pˆj|t and
dPˆj|t
dt
= fj(Qˆ1|t, Qˆ2|t, Qˆ3|t) = Fˆj|t
where fj = −
∂V
∂qj
is the force function.
If the operators are assumed to carry all the time dependence in the
infinitesimal qr-number equations (10), then
(12) Trρ
d
dt
Qˆj|t =
1
m
TrρPˆj|t and Trρ
d
dt
Pˆj|t = TrρFˆl|t for j = 1, 2, 3
which holds for all ρ ∈ ES(A) so that the operators satisfy Heisenberg’s
equations.
3.4. The evolution of the conditions. Conversely, if the time de-
pendence in the infinitesimal qr-number equations (10) is assumed to
be borne by the states then
(13) ρt = UˆtρUˆ
−1
t
Any condition will evolve through the unitary evolution of each of
its component states that is if ρ0 → ρt = Uˆtρ0Uˆ
−1
t for all ρ0 ∈ W0
then W0 → Wt = UˆtW0Uˆ
−1
t . This demonstrated by first showing that
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ν(ρ0, δ)→ ν(ρt, δ), then by using the fact that the open sets {ν(ρ, δ)}
are basic in the topology on state space, that is, that every open set is
a union of sets of the form ν(ρ, δ).
Lemma 1. If ρ, ρ′ ∈ ES(S) then Tr|ρt − ρ′t| = Tr|ρ0 − ρ
′
0| when ρt =
UˆtρUˆ
−1
t for a unitary group {Uˆt; t ∈ R}, thus if ρ0 → ρt then ν(ρ0, δ)→
ν(ρt, δ) for any ρ0, any δ > 0 and unitary group Uˆt.
The proof uses the result, |Uˆt(ρ−ρ′)Uˆ∗t | = Uˆt|ρ−ρ
′|Uˆ∗t , and that the
trace is independent of the orthonormal basis used in its evaluation.
3.5. Afterwords. The attributes of individual microscopic systems in
an experiment always have qr-number values so that individual systems
can be followed. A quantum particle with non-zero mass moves along
a trajectory in its qr-number space; its position and momentum values
(~q|U(t), ~p|U(t)) satisfy Hamilton’s equations of motion. The location of
the particle in in its spatial continuum is an open subset, a lump, not
a point. Therefore a location need not be connected and can be sub-
divided. This feature, together with the absence of the law of excluded
middle in its logic, allows the qr-number model to have a different
understanding of phenomenon like the double slit experiment, [15],
and Einstein and Bell non-locality,[14]. The infinitesimal equations of
motion provide a more point-like description of the trajectory.
Although spin has not been explicitly discussed above, using the
irreducible projective unitary representations of the Galilean group G,
see [5], the quantum mechanical equations for particles with spin are
obtained as infinitesimal approximations.
These representations are labeled by the mass m, internal energy U
and spin s, where m > 0 and U are standard real numbers and s is
an integer or a half integer. The representation labeled (m,U, s) acts
on the Hilbert space H := L2(R3) ⊗ C2s+1. The elements of H are
(2s + 1)-component vectors of square integrable functions ~x ∈ R3 7→
{ψi(~x)}, i = −s, .., s. In the representation (m,U, s) with m > 0, the
position operators Qˆj , j = 1, 2, 3, have only continuous spectrum with
σc(Qˆj) = R, hence the argument that Heisenberg equations give an
infinitesimal approximation to the qr-number equations still holds.
The qr-number equations of motion for a quantum particle of mass
m are the classical Hamiltonian equations of motion for a particle of
mass m expressed in qr-numbers. These equations, being applicable to
both classical and quantum Galilean relativistic mechanics, exemplify
Einstein’s statement, ”I do not believe in micro and macro laws, but
only in (structural) laws of general validity”, [1] pp 141. While the
algebraic structure of the equations remains the same for both the
macro and micro Galilean relativistic worlds, different systems of real
numbers are taken as the values of the entities in the different worlds.
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Basic Postulate 1. The general laws of physics should be expressed
by equations which hold good for all systems of real numbers.
The qr-number model of quantum physics provides an example that
supports the hypothesis that the general laws of physics should be
expressed by equations which hold good for all systems of real numbers.
Different physical systems may take different systems of real numbers
as the numerical values of their physical attributes.
If the universe of real number systems is assumed to be that of
Dedekind real numbers constructed in a topos of sheaves on a topo-
logical space E, see [10] §VI.8, the different systems of real numbers
would come from different families of continuous functions defined on
the base space E. A system’s real numbers would then be continuous
functions defined on non-empty open subsets of its state space E. The
properties of such systems of real numbers would mimic those of qr-
numbers in §4.3, they would all contain rational numbers as a dense
subset and be capable of supporting integral and differential calculus.
Their underlying logic would be intuitionistic and Boolean when the
weak topology on E is the weakest topology on E, namely when the
only open sets are (∅, E). This will occur when all the functions are
globally constant maps from E → R which are continuous is the indis-
crete topology. For if γ ∈ R is the map constant at γ then the inverse
image γ−1(J) of any open subset J ⊂ R is ∅ if γ /∈ J and is E if γ ∈ J .
This discussion must be modified for special relativistic systems.
Even when explicit formulae for the operators Xˆµ that represent the the
points in the Minkowski space-time are obtained more is needed., For
example in Jaekel and Reynaud work [4] that uses representations of
the conformal group, the operators Xˆµ all don’t commute for non-zero
spin.
4. Appendices
4.1. O∗-algebras. If D is a dense subset of a Hilbert spaceH, let L(D)
denote the set of all linear operators from D to D. If Aˆ∗ is the Hilbert
space adjoint of a linear operator Aˆ whose domain, dom(Aˆ) ⊇ D, put
(14) L†(D) = {Aˆ ∈ L(D); dom(Aˆ∗) ⊃ D, Aˆ∗D ⊂ D}
Then L†(D) ⊂ L(D) where L(D) is an algebra with the usual op-
erations for linear operators with a common invariant domain: ad-
dition Aˆ + Bˆ, scalar multiplication αAˆ and non-commutative multi-
plication AˆBˆ. Furthermore L†(D) is a ∗-algebra with the involution
Aˆ→ Aˆ† :≡ Aˆ∗|D.
Definition 2. An O∗-algebra on D ⊂ H is a ∗-subalgebra of L†(D).
The locally convex topology defined by the family of seminorms {‖ ·
‖Aˆ; Aˆ ∈ A} where ‖φ‖Aˆ = ‖Aˆφ‖, φ ∈ D. It is the weakest locally
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convex topology on D relative to which each operator Aˆ ∈ A is a
continuous mapping of D into itself, see Schmu¨dgen,[7].
When Uˆ is a unitary representation of a Lie group G on a Hilbert
space H with dUˆ the infinitesimal representation of its Lie algebra G on
the set D∞(Uˆ) of C∞-vectors, the O∗-algebra A, used in the construct
of the qr-numbers, is the infinitesimal representation dUˆ of the envelop-
ing algebra E(G). For the Schro¨dinger representation of the enveloping
Lie algebra of the Weyl-Heisenberg group, see.§5.3, D∞(U) = S(R3),
the Schwartz space of C∞-functions of rapid decrease.
4.2. States on an O∗-algebra A. Denote by T1(H) the collection of
all trace class operators onH. For the C∗-algebra B(H), the state space
E = ES(B(H)) is composed of operators in T1(H) that are self-adjoint
and normalised.
Define a subset T1(A) ⊂ T1(H) composed of trace class operators Tˆ
that satisfy TˆH ⊂ D, Tˆ ∗H ⊂ D and AˆTˆ , AˆTˆ ∗ ∈ T1(H) for all Aˆ ∈ A,
that is, T1(A) is a ∗-subalgebra of A satisfying AT1(A) = T1(A)[7].
Definition 3. The smooth state space ES(A) for the O∗-algebra A is
the set of normalized, self-adjoint operators in T1(A).
4.3. Mathematics of qr-numbers. qr-numbers are sections of the
sheaf of Dedekind reals RD(ES(A)) in Shv(ES(A)),defined in [7] and
[8]. Shv(ES(A)) is a topos of sheaves on the smooth state space ES(A).
ES(A) has the weak topology, generated by the functions a(·) de-
fined for each Aˆ ∈ A, a(ρ) = TrAˆρ, ∀ρ ∈ ES(A). This is the weak-
est topology making all the functions a(·) continuous, in it ES(A) is
compact. With parameters Aˆ ∈ A, ǫ > 0 and ρ0 ∈ ES(A), the sets
N (ρ0; Aˆ; ǫ) = {ρ ; |TrρAˆ − Trρ0Aˆ| < ǫ} form an open sub-base for
the weak topology on ES(A). When A is the infinitesimal represen-
tation dUˆ of the enveloping algebra E(G) on the set D∞(Uˆ) ⊂ H of
C∞-vectors obtained from a unitary representation Uˆ of a Lie group G
on H then the open sets {ν(ρ1; δ) = Tr|ρ− ρ1| < δ}; ρ1 ∈ ES(A), δ > 0
form an open basis for the weak topology on ES(A). For more details
see [2].
RD(ES(A)) ∼= C(ES(A)), the sheaf of germs of continuous real-valued
functions on ES(A). Two functions have the same germ at ρ ∈ ES(A)
if they agree on an open set containing ρ.
On any non-empty set U ∈ O(ES(A)), the subsheaf RD(U) of qr-
numbers:
• has integers Z(U), rationals Q(U) and Cauchy reals RC(U) as
subsheaves of locally constant functions;
• has orders < and ≤ compatible with those on Q(U) but the
inequality < is not total because trichotomy, x > 0 ∨ x =
0 ∨ x < 0, is not satisfied and ≤ 6≡ < ∨ =;
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• is closed under the commutative, associative, distributive bi-
nary operations + and ×, has 0 6= 1 and is a residue field, i.e.,
if b ∈ RD(U) is not invertible then b = 0;
• has a distance function, |a|U | = max(a|U ,−a|U), which defines
a pseudo-metric with respect to which RD(U) is a complete
pseudo-metric space in which Q(U) is dense. A section b ∈
RD(U) is apart from 0 iff |b| > 0. RD(U) is an apartness field,
i.e., ∀b ∈ RD(U), |b| > 0 iff b is invertible.
• is not Dedekind complete: bounded sets need not have least up-
per bounds and is not Archimedean as it has infinitesimals, e.g.
each expectation value, such as a|ρ = TrρAˆ, is an intuitionistic
nilsquare infinitesimal, as ¬[a|2ρ 6= 0] is true and an order theo-
retical infinitesimal qr-number because there is no open set on
which a|ρ > 0 ∨ a|ρ < 0 is true..
4.4. Locally linear qr-numbers. The locally linear qr-numbers are
a subsheaf A(ES(A)) of RD(ES(A)). Given an essentially self-adjoint
or symmetric Aˆ ∈ A there is a locally linear real-valued function a on
ES(A) with a(ρ) = TrρAˆ for ρ ∈ ES(A). Their properties include:
• A(ES(A))) is dense in RD(ES(A)).
• Every qr-number is a continuous real function of locally linear
qr-numbers.
• If W 6= ∅, a|W = b|W if and only if Aˆ = Bˆ.
The sheaf of locally linear qr-numbers A(ES(A)) is dense in RD(ES(A))
in the metric topology T because they include the locally constant
functions with rational values which form a sub-sheaf QD(ES(A)) of
A(ES(A)) which is dense in RD(ES(A)) in the metric topology T [8].
Lemma 4. Given a qr-number b|U on the open set U ∈ ES(A) and
ǫ > 0 there exists an open cover {Uj} of U such that for each j there
is a locally linear function a : Uj → R such that |b|Uj − a|Uj | < κǫ, for
a finite constant κ of the same physical dimensions as b and a.
4.5. Infinitesimal qr-numbers. Infinitesimal qr-numbers are non-
zero functions ES(A)→ R for which there is no non-empty open subset
of ES(A) on which they are non-zero. That is, they are only non-zero
on sets with an empty interior. The infinitesimal qr-numbers are con-
structed as a sheaf on ES(A) by prolonging by zero a section defined
on a subset of ES(A) with empty interior, c.f. [17].
The section of a continuous function f defined on a non-empty set
S ⊂ ES(A) is an order theoretical infinitesimal number if there is no
non-empty open set V ⊆ ES(A) on which f |V > 0 ∨ f |V < 0. They
originally arise as the difference between neighbouring qr-numbers.
The qr-numbers a and b are neighbours if there is no open subset
of ES(A) on which the difference between them is non-zero, or, equiv-
alently, on which the distance between them is non-zero. Therefore a
12 J.V. CORBETT
and b are neighbouring if a 6= b and there is no open set on which the
difference between them is non-zero,
(15) neither (a− b)|V < 0 nor (a− b)|V > 0 for any V 6= ∅.
For example, if V0 = ν(ρ0; δ), a basic open set in the weak topology
on ES(A), for ρ0 ∈ ES(A) and δ > 0, and V˜0 = V0 \ {ρ0}, then the
qr-numbers a|V0 and a|V˜0 are neighbours because
(16) a|V0 6= a|V˜0 , but neither a|V0 < a|V˜0 nor a|V˜0 < a|V0
on any open subset of ES(A) for a|V0 − a|V˜0 = a|ρ0 and the singleton
set {ρ0} has empty interior.
When the qr-numbers are locally linear, a|ρ0 = TrρAˆ for some es-
sentially self-adjoint Aˆ ∈ A and ρ ∈ V0 and ρ0 = Pˆφ0 is pure then the
expectation value Trρ0Aˆ = (φ, Aˆφ) of standard quantum mechanics is
interpretable as an order theoretic infinitesimal qr-number.
Given the qr-number f |U Lemma 4 in §4.4 asserts that there is an
open cover {Uj} of U on each component of which there is a locally
linear function a|Uj that approximates f |Uj arbitrarily well. Since each
ρ ∈ U belongs to an open set Uk ∈ {Uj}, for each qr-number f |U ,
∃Aˆ ∈ A such that the infinitesimal qr-number f |ρ = TrρAˆ.
5. Proofs
5.1. Basic results. A function ~f : R3 → R3 is continuous if each
component fj, j = 1, 2, 3, is a continuous function, R
3 → R.
Definition 5. If as a function of position operators {Qˆj}3j=1, each func-
tion fj defines an essentially self-adjoint operator, Fˆj = fj(Qˆ1, Qˆ2, Qˆ3)
mapping S(R3)→ S(R3), it is called an S-continuous operator.
The S-continuous operator Fˆj =
∑N
|n|=1 a(j)|nQˆ
n1
1 Qˆ
n2
2 Qˆ
n3
3 , with multi-
index n = (n1, n2, n3), |n| = n1 + n2 + n3 for non-negative integers nj
and N < ∞, may be associated with two qr-numbers: a non-linear
qr-number, fj |W =
∑N
|n|=1 a(j)|n(q1|W )
n1(q2|W )n2(q3|W )n3 , or a linear
qr-number Fj|W for the operator Fˆj with Fj(ρ) = TrρFˆj, ∀ρ ∈ W .
For the non-linear qr-number, each fl : RD(ES(AS))3 → RD(ES(AS))
takes a triplet of locally linear qr-numbers ~q|W to a qr-number fl(~q|W ).
The fl are continuous in the pseudo-metric topology of the non-negative
function d : RD(ES(AS))×RD(ES(AS))→ RD(ES(AS))+ with d(a, b) =
max(a− b, b− a) for any pair of qr-numbers a, b, see §4.3.
Also, for any essentially self-adjoint operator Aˆ ∈ AS, the function
mapping ρ ∈ ES(AS) → TrρAˆ ∈ R is continuous in the trace-norm
topology on ES(AS) and the standard metric topology on R. Using the
trace norm topology we have for any ρ, ρ0 ∈ ES(AS),
(17) |Trρ0Aˆ− TrρAˆ| < κm(Aˆ)Tr|ρ0 − ρ|
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for m ∈ N+, because for any such Aˆ ∈ A, ∃m ∈ N+ so that
(18) κm(Aˆ) = sup
ψ∈D∞(Uˆ )
‖AˆdUˆ((1−∆)m)−1ψ‖/‖ψ‖ <∞
where ∆ =
∑d
i=1 x
2
i is the Nelson Laplacian in the enveloping algebra
of the Lie algebra G with basis {x1, x2, ......, xd} and dUˆ(∆) is its repre-
sentative derived from the unitary representation Uˆ of the Lie group G,
proved in §E of [2]. In this paper, G is the Heisenberg-Weyl group and
in the Schro¨dinger representation the basis elements of the enveloping
algebras are {Pˆj , Qˆj, Iˆ}3j=1 so that dUˆ(∆) =
∑3
j=1(Pˆ
2
j + Qˆ
2
j ) + Iˆ.
In fact, because ES(AS) is compact in the weak, and hence the trace-
norm, topology these functions are uniformly continuous which means
that for every ǫ > 0 there exists a δ > 0 such that
(19) |Trρ0Aˆ− TrρAˆ| < ǫ ∀ ρ, ρ0 ∈ ES(AS) with Tr|ρ0 − ρ| < δ.
The function that sends
(20) ρ ∈ ES(AS)→ fl(TrρQˆ1, T rρQˆ2, T rρQˆ3) ∈ R
is also uniformly continuous when ES(AS) has the trace-norm topology
and R its standard metric topology.
5.2. Approximate eigenstates for continuous spectrum. Con-
sider the operator Qˆj , the jth component of the position operator. If
λj ∈ R is in σc(Qˆj), the continuous spectrum of Qˆj , then there is a se-
quence of vectors {φnλj}
∞
n=1 in the domain of Qˆj such that limn→∞ ‖Qˆjφ
n
λj
−
λjφ
n
λj
‖ = 0, even though {φnλj}
∞
n=1 contains no strongly convergent sub-
sequence. This is the Weyl criterium for continuous spectrum [15], the
vectors are called approximate eigenvectors. The corresponding se-
quence of approximate eigenstates is given by the projection operators
{Pˆφn
λj
}∞n=1, that project onto the rays of vectors φ
n
λj
∈ D(Qˆj).
If ρn~α = PˆΦn~α for ~α = (α1, α2, α3) with αj ∈ σc(Qˆj), the continuous
spectrum of Qˆj , and Φ
n
~α = ⊗
3
j=1φ
n
αj
where {φnαj}
∞
n=1 ∈ D(Qˆj) is a
sequence of approximate eigenvectors for Qˆj at αj then ∀δ > 0, ∃N0(δ)
3
such that, for each j = 1, 2, 3, if n > N0(δ),
(21) ‖(Qˆj − αj)φ
n
αj
‖ < δ and |Trρn~α Qˆj − αj | < δ.
From the Lemmas (6) and (7) below, which are demonstrated using
the Schro¨dinger representation of the enveloping algebra of the Weyl-
Heisenberg Lie algebra in §5.3, it follows that
(22) lim
n→∞
|Trρn~αfj(Qˆ1, Qˆ2, Qˆ3)− fj(Trρ
n
~αQˆ1, T rρ
n
~αQˆ2, T rρ
n
~αQˆ3)| = 0
as both Trρn~αfj(Qˆ1, Qˆ2, Qˆ3) and fj(Trρ
n
~αQˆ1, T rρ
n
~αQˆ2, T rρ
n
~αQˆ3) tend to
fj(~α) as n→∞.
3N0(δ) is independent of ~α ∈ R3, see §5.3.1.
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Lemma 6. For any triplet of real numbers ~α and triplet of S-operators
Fˆj = fj(Qˆ1, Qˆ2, Qˆ3), if {ρk~α = PˆΦk~α} are the joint approximate eigen-
states for the operators {Qˆj}
3
j=1 then
(23) lim
k→∞
Trρk~αFˆj = fj(~α).
The ρk~α = PˆΦk~α are pure states, projection operators onto the one-
dimensional subspaces spanned by the unit vectors Φk~α. For any con-
tinuous function fj(~x) from R
3 to R, in the limit as k →∞,
(24) Trρk~αfj(Qˆ1, Qˆ2, Qˆ3) =
∫
fj(~x)|Φ
k
~α(~x− ~α)|
2d3x→ fj(~α)
because |Φk~α(~x− ~α)|
2 → δ(~x− ~α), c.f. examples in §5.3.1. That is, for
any ǫ > 0, there is an integer N1(ǫ) such that for all k > N1(ǫ),
(25) |Trρk~αFˆj − fj(~α)| <
ǫ
6
.
Lemma 7. For each l, |fl(Trρk~αQˆ1, T rρ
k
~αQˆ2, T rρ
k
~αQˆ3) − Trρ
k
~αFˆl| ap-
proaches zero as k →∞, when the ρk~α are joint approximate eigenstates
for the operators {Qˆj}3j=1 at {αj}
3
j=1.
For l = 1, 2, 3, TrρkαlQˆl → αl as k →∞ and each component fj is a
continuous function from R3 to R, then for any ~α ∈ R3 and ǫ > 0, there
is δj > 0 and N0(δj) such that n > N0(δj) implies |Trρn~α Qˆj − αj | < δj
then for all k > N0(δj),
(26) |fj(Trρ
k
~αQˆ1, T rρ
k
~αQˆ2, T rρ
k
~αQˆ3)− fj(~α)| <
ǫ
6
.
Thus, given ǫ > 0, for each ~α ∈ R3 and all k > max(N0(δj), N1(ǫ)),
(27) |Trρk~αFˆj − fj(Trρ
k
~αQˆ1, T rρ
k
~αQˆ2, T rρ
k
~αQˆ3)| <
ǫ
3
.
Hence for k > max(N0(δj), N1(ǫ)), fj(Trρ
k
~αQˆ1, T rρ
k
~αQˆ2, T rρ
k
~αQˆ3) =
Trρk~αFˆj as infinitesimal qr-numbers when each Qˆj ,j = 1, 2, 3 has only
continuous spectrum.
5.3. Representation of the Weyl-Heisenberg group. The Heisen-
berg Lie algebra h3 for a 3 dimensional quantum system has a basis
{Xj, Yj, Z}3j=1 of skew-hermitian operators. The Lie brackets, using
the Kronecker delta δj,k, are
(28) [Xj , Yk] = Zδj,k, [Xj, Z] = 0, [Yj, Z] = 0.
In Schro¨dinger’s representation Uˆ~ of the Weyl-Heisenberg Lie alge-
bra on D∞(U~) = S(R3) ⊂ L2(R3), S(R3) is the Schwartz space of
C∞-functions of rapid decrease. It is well known that if we take, for
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j = 1, 2, 3, Xj = ıPˆj, Yj = ıQˆj and Z = ı~Iˆ, then in the Schro¨dinger
representation, for j = 1, 2, 3 and all φ(~x) ∈ S(R3),
(29) Qˆjφ(~x) = xjφ(~x) and Pˆjφ(~x) = −ı~
d
dxj
φ(~x).
Each operator Qˆj and Pˆj is unbounded and has only continuous spec-
trum, see [16], and they satisfy the canonical commutation relations,
(30) [Qˆj , Pˆk] = ı~δjk and [Qˆj , Qˆk] = 0, [Pˆj, Pˆk] = 0
for j and k equal to 1, 2, 3.
The O∗-algebra A, that we use to construct the qr-numbers for
Schro¨dinger’s representation of the Weyl-Heisenberg Lie algebra, is the
representation dUˆ~(E(G)) of the enveloping algebra of the Lie algebra
h3 generated by the operators {Qˆj}3j=1, {Pˆj}
3
j=1 and Iˆ.
Let Fˆj = fj(Qˆ1, Qˆ2, Qˆ3) be an S-continuous operator in the O∗-
algebra A. We can represent the operator Fˆj ∈ A acting on S(R3)
by
(31) (fj(Qˆ1, Qˆ2, Qˆ3)ψ)(~x) = fj(~x)ψ(~x) for ψ ∈ S(R
3),
because for any function fj(~x) that maps S(R3)→ S(R3),
(32)
∫
|fj(~x)ψ(~x)|
2d3x <∞ for all ψ ∈ S(R3).
The sequence of simultaneous approximate eigenfunctions {Φn~α}
∞
n=1,
with Φn~α = φ
n
α1
⊗φnα2 ⊗φ
n
α3
, for ~α ∈ R3 in the continuous spectra of the
commuting operators (Qˆ1, Qˆ2, Qˆ3), determines a sequence of approxi-
mate eigenstates {PˆΦn
~α
}∞n=1 with, for each j, TrPˆΦn~αQˆj → αj as n→∞.
Furthermore for each operator Fˆj ∈ A,
(33) TrPˆΦn
~α
Fˆj = 〈Φ
n
~α, fj(Qˆ1, Qˆ2, Qˆ3)Φ
n
~α〉
where
(34) 〈Φn~α, fj(Qˆ1, Qˆ2, Qˆ3)Φ
n
~α〉 =
∫
|Φn~α(~x)|
2fj(~x)d
3x
5.3.1. Examples. Examples of sequences of approximate eigenfunctions
for the position operators Qˆj include
(1) those constructed using ”cap-functions”, defined by
• χσ(~x) = exp(−σ2/(σ2 − ||~x||2)), if ||~x|| < σ, and
• χσ(~x) = 0, if ||~x|| ≥ σ.
If
∫
χσ = c > 0, then
1
c
χσ is normalised,
1
c
∫
χσ = 1, that is,
(35)
σ3
c
∫
B(~0,1)
exp(−1/(1− ‖~x‖2))d3x = 1
where B(~0, 1) is the open sphere centre at ~0, radius 1.
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The function 1
c
χσ~α(~x) =
1
c
χσ(~x − ~α) has support in the open
sphere B(~α, σ), centred at ~α ∈ R3 of radius σ. The graph of the
cap-function reveals that as σ → 0, 1
c
χσ~α approaches δ(~x− ~α).
The functions ψσ~α(~x) = (
1
c
χσ~α(~x))
1
2 are normalised wave-functions
of compact support. When σ = 1
n
and ~α = (α1, α2, α3), the
sequence of approximate eigen-functions {Φn~α(~x) = ψ
1
n
~α (~x)}
∞
n=1
satisfies ‖QˆjΦn~α − αjΦ
n
~α‖ → 0 as n → ∞ for each αj ∈ σc(Qˆj).
The corresponding sequence of eigenstates is given by the se-
quence of projection operators {ρn~α = PˆΦn~α}
∞
n=1.
Since the functions {fj} are continuous,
(36) TrPˆΦn
~α
Fˆj =
1
c
∫
χ
1
n
~α (~x)fj(~x)d
3x→ fj(~α)
as n → ∞. Given any ǫ > 0 there exists a δ > 0 such that
|fj(~x) − fj(~α)| < ǫ when ‖~x − ~α‖ < δ, but the cap-shaped
function 1
c
χ
1
n
~α (~x) has support in the open sphere B(α,
1
n
) and is
normalised so that, when n > 1
δ
,
(37)
1
c
∫
χ
1
n
~α (~x)fj(~x)d
3x− fj(α) =
1
c
∫
χ
1
n
~α (~x)[fj(~x)− fj(α)]d
3x < ǫ.
Thus limn→∞ PˆΦn
~α
(~x) = δ(~x − ~α) as linear functionals on the
commutative subalgebra of operators Fˆj ∈ A.
(2) A second example of a sequence of approximate eigenfunctions
is constructed from Gaussian wave functions, indexed by n ∈ N,
for j = 1, 2, 3,
(38) φnαj (xj) = (
n2
2π
)
1
4 exp
[
−n2
(xj − αj)
2
4
]
.
As the joint approximate eigenfunction Φn~α(~x) = ⊗
3
j=1φ
n
αj
(xj),
its modulus squared is
(39) |Φn~α(~x)|
2 = (
n2
2π
)
3
2 exp
[
−n2
‖~x− ~α‖2
2
]
,
the graph of which approaches that of δ(~x− ~α) as n→∞.
To show this, continuity of the polynomials is important but
the Gaussian unlike the cap-function does not have compact
support. However a Gaussian |Φn~α(~x)|
2 is a normal probability
distribution with mean ~α and standard deviation 1
n
. Cheby-
shev’s inequality implies that the probability that ‖~x− ~α‖ > k
n
for some k > 0 is less than 1
k2
. Therefore as n→∞ the differ-
ence ‖~x− ~α‖ remains bounded,
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For any function fj(~x), limn→∞
∫
d3x|Φn~α(~x)|
2fj(~x) = fj(~α)
for by putting ~y = n(~x−~α), |
∫
d3x|Φn~α(~x)|
2fj(~x)−p(~α)| becomes
(40) |
∫
d3y(2π)−
3
2 exp
−‖~y‖2
2
[fj(~α +
~y
n
)− fj(~α)]|
so by continuity of the fj , given ǫ > 0 there exists a δ > 0
such that |fj(~α +
~y
n
) − fj(~α)| < ǫ for n >
‖~y‖
δ
. Therefore as
linear functionals on the commutative subalgebra of operators
Fˆj ∈ A, in the limn→∞,
(41)
∫
d3x|Φn~α(~x)|
2fj(~x)→ fj(~α).
This example is the prototype of a family of Gaussian wave
functions, labelled by ~α and ~β ∈ R3, that are approximate
position eigenstates,
(42) Φn
~α,~β
(~x) = (
n2
2π
)
3
4 exp
[
−n2
‖~x− ~α‖2
4
]
exp(ı
~x · ~β
~
)
all of whose modulus squared is
(43) |Φn
~α,~β
(~x)|2 = |Φn~α(~x)|
2
so that, in the Schro¨dinger representation, all converge as linear
functionals to δ(~x− ~α).
5.4. The proof of equation(1). For any ρ0 ∈ ES(A) and any ǫ > 0
(44) |TrρFˆl − fl(TrρQˆ1, T rρQˆ2, T rρQˆ3)| < ǫ, for l = 1, 2, 3
for all ρ ∈ ν(ρ0, δ0) provided that
(45) δ0 = min[{
δj
κj(Qˆj)
}3j=1{
ǫ
3κml(Fˆl)
}3l=1]
in which, for each j = 1, 2, 3, δj > 0 is such that |fl(TrρQˆj)−fl(αj)| <
ǫ
6
when |TrρQˆj −αj| < δj and the κm(Aˆ) are defined as in equation (18)
and are calculated in §5.5 with κm(Qˆ
m
j ) =
1
2
.
If αj = Trρ0Qˆj and ǫ > 0 there are integers N0(δj) and N1(ǫ), such
that n > N0(δj) implies that |Trρn~αQˆj − αj| < δj , j = 1, 2, 3, see
equation (21), where the δj > 0 are such that, for l = 1, 2, 3,
(46) |fl(TrρQˆ1, T rρQˆ2, T rρQˆ3)− fl(Trρ0Qˆ1, T rρ0Qˆ2, T rρ0Qˆ3)| <
ǫ
3
.
and n > N1(ǫ) implies that, by equation (25),
(47) |Trρn~αFˆl − fl(~α)| <
ǫ
6
for l = 1, 2, 3.
If δ0 > 0 satisfies equation (45), the open set ν(ρ0, δ0)
(1) contains, for n > max({N0(δj)}3j=1, N1(ǫ)),the approximate eigen-
states ρn~α = PˆΦn~α of the operators {Qˆj}
3
j=1, at {αj ∈ σc(Qˆj)}
3
j=1.
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(2) is such that when ρ ∈ ν(ρ0, δ0) then
(48) |fl(TrρQˆ1, T rρQˆ2, T rρQˆ3)− fl(Trρ0Qˆ1, T rρ0Qˆ2, T rρ0Qˆ3)| <
ǫ
6
.
Theorem 1. On V = ν(ρ0, δ0), Fl|V is the locally linear approximation
to fj(q1|V , q2|V , q3|V ), that is, given ǫ > 0 for all ρ ∈ ν(ρ0, δ0)
(49) |TrρFˆl − fl(TrρQˆ1, T rρQˆ2, T rρQˆ3)| < ǫ.
Proof. Writing Trρ~Q in place of (TrρQˆ1, T rρQˆ2, T rρQˆ3), it follows
that |fl(Trρ~Q)− TrρFˆl| is less than
(50)
|fl(Trρ~Q)− fl(Trρ
n
~α
~Q)|+ |fl(Trρ
n
~α
~Q)− Trρn~αFˆl|+ |Trρ
n
~αFˆl − TrρFˆl|.
Now, by equation(48), for the continuous functions fl and δ0 satisfying
equation (45), for all ρ ∈ ν(ρ0, δ0)
(51) |fl(Trρ~Q)− fl(Trρ
n
~α
~Q)| <
ǫ
3
,
and with n > N1(ǫ), by equation (26) and by equation(27),
(52) |fl(Trρ
n
~α
~Q)− Trρn~αFˆl| < |fl(Trρ
n
~α
~Q)− fl(~α)|+ |fl(~α)− Trρ
n
~αFˆl|
where both |fl(Trρn~α
~Q)−fl(~α)| <
ǫ
6
and |fl(~α)−Trρn~αFˆl| <
ǫ
6
and for all
ρ ∈ ν(ρ0, δ0), using equation (45), for all n > max({N0(δj)}3j=1, N1(ǫ)),
(53) |Trρn~αFˆl − TrρFˆl| < κml(Fˆl)Tr|ρ
n
~α − ρ| <
ǫ
3
.
Thus if n > max({N0(δj)}
3
j=1, N1(ǫ)), then |TrρFˆl − fl(Trρ~Q)| < ǫ for
all ρ ∈ ν(ρ0, δ0). 
Theorem 2. The family of open sets ν(ρ0, δ0), for all ρ0 ∈ ES(A),
form an open cover of ES(A) when δ0 = min[{
δj
κj(Qˆj)
}3j=1{
ǫ
3κml (Fˆl)
}3l=1]
where, for each j = 1, 2, 3, δj > 0 is such that |fl(TrρQˆj)− fl(αj)| <
ǫ
6
when |TrρQˆj − αj | < δj and the semi-norms κm(Aˆ) are defined as in
equation (18).
Proof. Since the family contains every state, pure or mixed, labelled as
ρ0, we have only to check that δ0 > 0. This follows because each of the
six real numbers [{ δj
κj(Qˆj)
}3j=1{
ǫ
3κml (Fˆl)
}3l=1] is greater than zero.

Therefore the infinitesimal qr-number equations of motion for a mas-
sive particle are
(54)
d
dt
TrρQˆj =
1
m
TrρPˆj and
d
dt
TrρPˆj = TrρFˆj
where the operator Fˆj = fj(Qˆ1, Qˆ2, Qˆ3). Since the equations hold for
all ρ ∈ ES(A), Heisenberg’s operator equation follow and conversely.
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5.5. A proof of relative boundedness. Each of the operators Qˆj
is relatively bounded, Kato [14], §V.4.1, with respect to the operator
Lˆ =
∑3
j=1(Pˆ
2
j + Qˆ
2
j ) + Iˆ with relative bound
1
2
so that κ1(Qˆj) =
1
2
for
each j = 1, 2, 3.
Proof. Since (x − 1)2 ≥ 0 for x ∈ R then x2 ≤ 1
2
x4 + 1
2
so that if
x2 = 〈φ, Lˆφ〉 for all unit vectors φ ∈ D∞(Uˆ),
(55) 〈φ, Qˆ2kφ〉 ≤ 〈φ, Lˆφ〉 ≤
1
2
〈φ, Lˆφ〉2 +
1
2
‖φ‖2
whence, as 〈φ, Lˆφ〉2 ≤ ‖Lˆφ‖2,
(56) ‖Qˆkφ‖
2 ≤
1
2
‖Lˆφ‖2 +
1
2
‖φ‖2
From this it is easily to deduce that
(57) ‖Qˆkφ‖ ≤
1
2
‖Lˆφ‖+
1
2
‖φ‖ =
1
2
‖(Lˆ− ıIˆ)φ‖.
Thus equation (18), with dUˆ((I − ∆))−1, representing the resolvent
operator of Lˆ, gives κ1(Qˆj) =
1
2
for each j = 1, 2, 3. 
The same argument works for the momentum operators κ1(Pˆj) =
1
2
,
for j = 1, 2, 3.
A similar argument will work for the tensor product, ⊗3j=1Qˆj , be-
cause 〈Φ,⊗3j=1QˆjΦ〉 ≤ 〈φ, Lˆφ〉 ≤
1
2
〈φ, Lˆφ〉2 + 1
2
‖φ‖2 for all unit vec-
tors Φ ∈ D∞(Uˆ). The argument yields κ(1,1,1)(⊗
3
j=1Qˆj) =
1
2
and for
⊗3j=1Qˆ
m
j , ∀m ∈ N, taking x
2 = 〈φ, Lˆmφ〉 gives κ(m,m,m)(⊗
3
j=1Qˆ
m
j ) =
1
2
.
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